ABSTRACT: We consider AE = 4 SYM and a class of spin AE, length-3, twist operators beyond the well studied sl´¾µ subsector. They can be identified at one-loop with three gluon operators. At strong coupling, they are associated with spinning strings with two spins in Ë . We exploit the Y-system to compute the leading weak-coupling four loop wrapping correction to their anomalous dimension. The result is written in closed form as a function of the spin AE. We combine the wrapping correction with the known four-loop asymptotic Bethe Ansatz contribution and analyze special limits in the spin AE. In particular, at large AE, we prove that a generalized Gribov-Lipatov reciprocity holds. At negative unphysical spin, we present a simple BFKL-like equation predicting the rightmost leading poles.
Introduction
The study of finite size corrections to states/operators in AdS/CFT correspondence can be addressed within the powerful and general approach of the mirror thermodynamic Bethe Ansatz (TBA) developed for the Ë ¢ Ë superstring in [1] and deeply tested in [2] , mainly in sl´¾µ closed subsector. The associated Y-system has been proposed in [3] based on symmetry arguments and educated guesses about the analyticity and asymptotic properties of the Y-functions. Further developments can be found in [4] . Their anomalous dimensions can be obtained from a non-compact, length-Ä sl´¾µ spin chain with AE excitations underlying a factorized two-body scattering. The interaction range between scattering particles increases with orders of the coupling constant in perturbation theory. If it exceeds the length of the spin chain and wraps around it, the S-matrix picture fails, as no asymptotic region can be defined any longer. For twist Ä operators this effect, delayed by superconformal invariance, starts at order ¾Ä· .
The most advanced available calculations are at five-loop order for Ä ¾ [5] and at six-loop order for Ä ¿ [6] . The anomalous dimension of O AE Ä is presented in closed form as a function of AE. This allows to study special limits which have physical significance and test the TBA framework. In particular, at large AE, it is found that a generalized GribovLipatov reciprocity (see [7] and the recent review [8] ) holds predicting basically half of the expansion in terms of the other half. Also, it is possible to match the predictions of the BFKL equation [9] governing the poles around unphysical negative values of AE. Notice that both reciprocity and BFKL are not related to integrability and have a wider physical meaning. As such, we regard them as independent checks of integrability predictions 1 .
The tests in the sl´¾µ explore a relatively small part of the full psu´¾ ¾ µ structure of AE SYM. For this reason, we believe that similar calculations in a larger sector would be very interesting. Of course, for general states, there is no reason to expect to be able to find similar closed formulae in any parameter and the proposal seems hopeless. A remarkable and rather peculiar exception are the twist operators studied at many loops in [11] . We shall refer to these operators as 3-gluon operators O AE ¿ . The reason for this terminology is that at one-loop they have the same form as sl´¾µ operators, with the scalar being replaced by a physical gauge field component. At strong coupling, these operators are part of a larger family studied in [12] and dual to spinning string configurations with two spins in Ë . As discussed in [11] , it is possible to derive the asymptotic (with no wrapping corrections) anomalous dimensions in closed forms as functions of AE. Wrapping corrections are expected to appear at four loops. Up to this level, reciprocity holds for the asymptotic contribution. The BFKL poles have not been studied yet.
Thus, a quite reasonable plan is that of computing the four-loop wrapping corrections exploiting the structural features of the asymptotic contributions in order to determine a closed form for the wrapping as a function of the spin AE. This is precisely what we shall describe in this paper. As a byproduct, we shall be able to test (positively) reciprocity as well as discuss the BFKL poles of the full four-loop result. Our analysis provides an extension of the well-known results for scalar twist-operators to the full psu´¾ ¾ µ states.
Notice indeed, that beyond one-loop the 3-gluon operators have a non trivial mixing with other operators and do not belong to a closed subsector.
The plan of the paper is the following. In Sec. (2), we recall the details of the operators under consideration. In Sec. (3), we present their one-loop description and integrability properties. Sec. (4) is devoted to a brief summary of the relevant Y-system formulae. In Sec. (5), we present our results for the wrapping corrections. These are analyzed from the point of view of reciprocity in Sec. (6) , and in terms of a proposed BFKL resummation in Sec. (7).
Generalities on 3-gluon twist operators
The 3-gluon operators are single-trace maximal helicity quasi-partonic operators which in the light-cone gauge take the form
where is the holomorphic combination of the physical gauge degrees of freedom and · is the light-cone projected covariant derivative (in light-cone gauge the gauge links are absent). The coefficients Ò½ Ò¾ Ò¿ are such that O AE Ä is an eigenvector of the dilatation operator. The total Lorentz spin is AE.
The one-loop anomalous dimensions of the above operators can be found from the spectrum of a non-compact ¿ ¾ spin chain with ¿ sites. At higher orders we are forced to abandon the quasipartonic detailed description and work in terms of superconformal multiplets. The identification of the psu´¾ ¾ µ primary of the multiplet where such operators appear as descendant can be done thanks to the work of [13] . We decompose the symmetric triple tensor product´Î ª Î ª Î µ Ë where Î is the singleton infinite dimensional irreducible representation of psu´¾ ¾ μ
where Ò are suitable multiplicities and Î Ò Ñ well defined modules. For even AE and Ñ ¾, the one-loop lowest anomalous dimension in Î AE ¾ is associated with an unpaired state and has been proposed to be [13] 
where ¾ ´ ¾ µ ¾ Å AE ´ ¾ µ is the scaled 't Hooft coupling, fixed in the planar AE ½ limit. This result is in agreement with the analysis of maximal helicity 3 gluon operators in QCD [14] . The second term in (2.3) fully reveals the violation of the maximum transcendentality principle, as discussed (and exploited!) in [11] .
These operators can also be presented as a special case of another family built with scalar fields [12] . They are the gauge theory dual of a minimal energy spinning string configuration with two spins, Ë ½ and Ë ¾ , in Ë and charge Â in Ë . The field content of these operators can be schematically represented by
The charges of the string are related to Ñ and Ò through the identification
Asymptotic anomalous dimension
The asymptotic anomalous dimension has been studied at four loops in [11] . The three loop results is
where Ò AE ¾ · ½ and Ë Ë ´Òµ are nested harmonic sums. The four-loop result contains a contribution from the dressing phase and has a similar structure. Many interesting structural properties as well as a reciprocity proof have been discussed in [11] . Our working hypothesis will be that the same structure is also shared by the leading wrapping correction, precisely as it happens for genuinely sl´¾µ operators.
One-loop description of O AE ¿ in sl´¾µ grading
We recall the one-loop description of the 3-gluon states under consideration. They are fully described in [11] . The 3-gluon states are associated with the following (higher) Dynkin diagram [15] assignments
As explained in [11] , after a chain of one-loop dualizations, the exact Bethe roots can be written in terms of those of a ¿ ¾ spin chain. The explicit roots can be given in terms of the associated Baxter polynomials. Let us define the polynomial
In terms of È , we can write the Baxter polynomials É ´Ùµ É Ã ½´Ù Ù µ for the roots at -th node with
The single root at node 6 is identically zero and É Ù. The Bethe equations satisfied by these polynomials are
For the following application, it will be convenient to dualize the Dynkin diagram and write it in sl´¾µ grading. To this aim, we first dualize at node 3. From
we deduce that É ¿ is a constant, i.e. we don't have roots at node 3. We then dualize at
we deduce that the degree of É is 2. Explicitly, after a short computation, one finds
Summary
After dualization (and omitting now the tilde), the one-loop Bethe equations in sl´¾µ grading are associated with the diagram
with the auxiliary polynomials
È ´Ùµ ´Ù · µ ¿ È · ´Ù µ ¿ È (3.15) and the Baxter polynomials
They obey the one-loop Bethe equations
This one-loop setup is enough to compute the leading wrapping correction as explained in the next Section.
Y-system for the
Ë ¢ Ë superstring
Generalities
The Y-system is a set of functional equations for the functions ×´Ù µ defined on the fathook of psu´¾ ¾ µ [3] . These equations are (their boundary conditions are discussed in [16] )
The anomalous dimension of a generic state is given by the TBA formula The crucial assumption in the identification of relevant solutions to the Y-system is
for large Ä, or large Ù (or small ). In this limit, it can be shown that the Hirota equation splits in two su´¾ ¾µ Ä Ê wings. One can have a simultaneous finite large Ä limit on both wings after a suitable gauge transformation. The solution is then
where is an arbitrary function and Ì Ä Ê ½ are transfer matrices of the antisymmetric rectangular representations of su´¾ ¾µ Ä Ê . They are given explicitly by the generating func- The function can be fixed as explained in [3] and reads
where is the dressing phase 3 . At weak coupling, evaluating the various terms at leading order in the mirror dynamics, the wrapping correction (second term in the r.h.s. of (4.2)) is simply given by the expression
Explicit formulae for the efficient computation of ¼
In the following, we shall need a compact efficient formula for the evaluation of ¼ .
According to (4.13), we need the contribution from the dispersion (ratio of Ü ¦ ), the fusion of scalar factors ( terms), and the su´¾ ¾µ transfer matrices. The transfer matrices can be written in terms of the two spin dependent polynomials É . After a straightforward computation we obtain:
Dispersion
This is the universal factor
Fusion of scalar factors
After some manipulations, one finds the formulä
Left ×Ù´¾ ¾µ wing
The left wing has no excitations. It depends only on É and an efficient expression has been already given in [17] Ì Ä ¼ 
Evaluation and results for the wrapping corrections
Let us inspect the first values of ¼ in order to identify the structure of the result. For all even AE, we find empirically that it is a rational function of and Ù. 
The wrapping correction is evaluated as usual at leading order as
We checked that this can be obtained by summing the residues in Ù ¾ . Notice also that the residue is a rational function of of the form
where È is a polynomial. The sum over can be done exploiting the following important properties. First, the singular part of Ê´ µ at ¼ is a combination of two poles ¿ and . These contributions can be summed giving terms proportional to ¿ and .
Then, the regularized rational function Ê´ µ Ê´ µ "pole part at ¼" .8) where È is another polynomial with the same degree of the denominator. It can be determined easily by polynomial interpolation. Then, the infinite sum is just the trivial Ô ½ limit.
Repeating the calculation for higher values of AE, we find the following list (omitting )
We extended the list up to AE ¼. The general form is always
with rational coefficients Ö ¼ AE , Ö ¿ AE , and Ö AE .
Closed fomulae
Given our long list of explicit values Ï AE , we can look for a closed formula based on the structure of the asymptotic anomalous dimensions. Notice also that from the expression of Ì Ä , we see that the wrapping correction is proportional to the one-loop anomalous dimension, i.e. the combination
Coefficient of
After some trial and error we find Ë Ë ´Òµ
Coefficient of ¿
Inspired by the structure of the previous coefficient we find
Purely rational part
With major effort, we obtain
Large AE expansion and generalized Gribov-Lipatov reciprocity
Let us factor out the one-loop anomalous dimension and write (
By standard methods, we worked out the large AE of Ö AE . It reads
Remarkably, the leading Ç´Òµ and next-to-leading Ç´Ò ¼ µ contributions cancel. The resulting total wrapping contribution is thus (including the one-loop factor, and writing the expansion in the AE variable)
where AE AE ¾
. Notice that all terms containing ¾ ¾ as well as cancel.
As an important remark, we emphasize that the leading wrapping correction is subleading at large AE compared with the asymptotic contribution and does not change the scaling function already computed for these operators in [11] and in more general cases in [12] .
Generalized Gribov-Lipatov reciprocity
As discussed in [11] , the asymptotic anomalous dimensions can be expanded at large Â where Â ¾ Ò´Ò · ¾µ and turn out to admit an expansion in even powers of ½ Â. The absence of odd powers is the so-called reciprocity property 4 For instance, the one-loop factor has the expansion
where Â Â .
We now look at the reciprocity property of the wrapping correction associated with the Ö factors. From the previous expansions we find
Notice that none of the three terms is separately reciprocity respecting. However, the combination appearing in the wrapping correction reads
All the odd powers of ½ Â cancel proving that the reciprocity property does hold.
BFKL analytic continuation
In the sl´¾µ sector, and for length Ä ¾, it is possible to explore the analytic continuation of the anomalous dimensions at negative spin. The leading and next-to-leading poles are captured by the BFKL equation thus providing a strong cross check of the calculation. For the 3-gluon states, we shall now compute the BFKL poles and show that a very simple and natural modification of the twist-2 BFKL equation predicts the correct pole structure 5 . 
The expansion of the wrapping contribution is
Summing all terms for the contribution, we get 0
The cancellation of the three leading poles (present in and canceling against Ï ) is remarkable. We can reproduce the leading poles from a BFKL-like equation as in [18, 19] as follows. In the Konishi case, one defines ´Þµ ´ Þµ · ´Þ · ½ · µ ¾ ´½µ (7.9) and solves perturbatively the equation
where is written as a power series in ¾ . To extend this equation to our case, we notice that the BFKL kernel can be written as ¼´Þ µ ´Þµ · ´ Þ ½µ (7.11) where ´Þµ ´Þ · ½µ ´½µ Ë ½´Þ µ is the analytic continuation of the basic harmonic sum, proportional to the one-loop anomalous dimension. In our case, the one-loop anomalous dimension (2.6) can be written in the form ½´Ò µ ¾Ë ½´Ò µ · ¾Ë ½´Ò · ½µ · (7.12)
We thus led to replace in (7.10) ¼´Þ µ ¼´Þ µ · ¼´Þ · ½µ ¾ ½´Þ µ Expanding at weak coupling, we indeed obtain
This is in full agreement with our four loop results. Notice that the agreement of the four loop term is achieved thanks to the non-trivial wrapping contribution. The higher order poles are a prediction.
One can also attempt to write down a NLO BFKL equation of the form ¾ ¾ ½ ¾ ¾ AE´µ (7.17) and fix the expansion of AE´µ from the coefficients of the next to leading poles. At the four loop order one finds the remarkably simple result AE´µ ¾ ¾ · ¾´ · ¾ ¿ µ ´ · ¾ ¿ µ ¾ · (7.18) with all integer coefficients. We see the same pattern as in the Konishi case. In particular, the ABA leading poles are of the same order as in Konishi, i.e.
¾Ò ¾Ò ½ , and wrapping correction does not change them.
Conclusions
In this paper we have applied the Y-system formalism proposed in [3] to the computation of the wrapping correction for a class of twist operators reducing at one-loop to 3-gluon maximal helicity quasipartonic operators. We provided the leading four-loop contribution as a closed function of the operator spin AE by a generalized transcendentality Ansatz already found in the asymptotic contribution. The result can be checked by means of two important physical constraints: A generalized reciprocity of the large AE expansion, and a BFKL-like resummation of the leading pomeron poles. Both tests are passed extending similar conclusions holding for the simpler sl´¾µ twist operators. Our analysis is a novel test of the Y-system for the Ë ¢ Ë superstring involving a larger part of the psu´¾ ¾ µ Dynkin diagram and leading to exact prediction for a new set of short operators. It would be very interesting to extend the analysis to the strong coupling regime by solving the full (numerical or possibly semiclassical) TBA equations. In this perspective, it would be very nice to assess the validity and consequences of the reciprocity and BFKL constraints for the string duals of the considered operators.
